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and a fixed positive integer k . In a graph G , a vertex is said to dominate itself and all of its neighbors. A set V D ⊆ is called a k -tuple dominating set if every vertex in V is dominated by at least k vertices of D . The k -tuple domination problem is to find a minimum cardinality k -tuple dominating set.
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1.Introduction Circular arc graphs are intersection graphs of arcs of a circle. These graphs have been reported since 1964 and they have been received considerable attention for a series of papers by Tucker in the year 1970. Various subclasses of circular-arc graphs have been also studied. Among these are the proper circular-arc graphs, unit circular-arc graphs, Helly circular-arc graphs and co-bipartite circular-arc graphs. Several characterizations and recognition algorithms have been formulated for circular-arc graphs and its subclasses. In particular, it should be mentioned that linear time algorithms are known for all these classes of graphs.
A graph
is called an intersection graph for a finite family F of non empty sets if there is a one-to-one correspondence between F and V such that two sets in F have a non empty intersection if and only if their corresponding vertices in V are adjacent to each other. F is called an intersection model of G and G is called the intersection graph of F . If F is a family of arcs around a circle then G is called a circular-arc graph. If F is a family of line segments on the real line, then G is called an interval graph. An interval graph is a special case of circular-arc graphs; it is a circular-arc graph that can be represented by arcs that do not cover the entire circle. Some circular-arc graphs do not have such a representation, so the class of interval graphs is a proper subclass of the class of circular-arc graphs.
In general, problems for circular-arc graphs tend to be more difficult than for interval graphs. One of the reasons is that intervals of a real line satisfy the Helly property, while arcs of a circle do not necessarily satisfy it. This implies that the maximal cliques of an interval graph can be associated to chosen points of the line. The latter means that an interval graph can have no more maximal cliques than vertices. In contrast, circular-arc graphs may contain maximal cliques which do not correspond to points of the circle.
The domination in graph theory is a natural model for many location problems in operations research. In a graph G , a vertex is said to dominate itself and all of its neighbors. A dominating set of [16] . This problem is NP-hard for general graphs. There exist polynomial time algorithms to solve 2-tuple domination problem for some special classes of graphs [1, 13, 15, 17] .
1.1.Review of previous work
Eschen and Spinrad [6] presented an ) ( 2 n O -time algorithm for recognizing a circular-arc graph and constructing a circular-arc model. There are several results on the circular-arc graphs. We only mention results relevant to the class of domination problems studied in this paper. Domination and its variations have been extensively studied in the literature, see [3, 9, 10] . Chang [3] presented a unified approach to design efficient
algorithms for the weighted domination problem and the weighted independent, connected, and total domination problems on interval graphs, and extended the algorithms to solve the same problems on circular-arc graphs in
Among the variations of domination, the k -tuple domination was introduced in [12] , also The 2-Tuple Domination Problem on Circular-arc Graphs 47 see [9] . While determining the exact value of
for a graph G is not easy, many studies focus on its upper bounds. Gagarin and Zverovich presented an upper bound for general graphs in [7] , and later Chang [5] 
1.2.Application
A circular-arc graph is a general form of interval graph and it is one of the most useful discrete mathematical structures for modeling problems arising in the real world. Circular-arc graphs arise in genetics, traffic control, computer compiler design, scheduling problems and other combinatorial problems.
Domination in graphs has many applications in several fields. Domination arises in facility location problems, where the number of facilities (e.g., hospitals, fire stations etc.) is fixed and one attempts to minimize the distance that a person needs to travel to get to the closest facility. A similar problem occurs when the maximum distance to a facility is fixed and one attempts to minimize the number of facilities necessary so that everyone is serviced. Concepts from domination also appear in problems involving finding sets of representatives, in monitoring communication or electrical networks, and in land surveying (e.g., minimizing the number of places a surveyor must stand in order to take height measurements for an entire region). An important application for network purposes of k -tuple domination is for fault tolerance or mobility.
1.3.Main result
Given the sorted array of end points of the arcs in the intersection model of the circular-arc graph. An algorithm is designed to solve the 2-tuple domination problem on the circular-arc graph with running time
, where n is the number of arcs.
1.4.Organization of the paper
The remainder of this paper is organized as follows. In Section 2 we introduce the notations and definitions used throughout the paper. In Section 3 we study the approaches towards solving 2-tuple domination problem for Circular arc graphs and present some intermediate results for the same. In Section 4, we present an ) ( We henceforth assume that the arcs are given sorted by their right endpoints. In this paper, we consider only finite, undirected, connected graphs without self loops or multiple edges. From now on, when there is no ambiguity we use the term "arcs" and "vertices" interchangeably. We use the same labels to refer to the vertices in a circular-arc graph as well as the corresponding arcs in its circular-arc representation that is being considered. 
A vertex u is 1-dominated by itself and all its neighbors. Unless stated, we use the vertex u dominate the vertex v to mean u 1-dominate the vertex v . A vertex is said to be 2-dominated if it is dominated by at least two vertices.
The span of a vertex u is defined to be the highest arc which is dominated by the vertex u and is denoted by span ) (u .
That is, span The following lemma plays an important role for the development of the algorithm. (1)) (
Lemma 2.Let
In this case also all the arcs are covered and D remains unaltered.
Case 3:
(1)) (
In this case p is 1-dominated by ( Hence the lemma follows.
4.The algorithm
Based on the above results and discussion a formal description of the algorithm is given below. 
Algorithm
Step 2: Initialize Step 6: If
The 2-Tuple Domination Problem on Circular-arc Graphs are the best selection to achieve a maximum span.
Step 4: Let p be the arc whose right end point is first encountered in clockwise traversal from 
5.Concluding remarks
In this paper, we developed an efficient algorithm that solves the 2 -tuple domination problem on circular-arc graphs using ) ( 
